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ABSTRACT 
We present a table indicating whether or not each of five positivity classes of 
matrices (positive definite Hermitian matrices, M-matrices, inverse M-matrices, totally 
positive matrices, and inverse totally positive matrices) is closed under each of seven 
algebraic operations (conventional multiplication, addition, powers, extraction of 
roots, Hadamard multiplication, the Hadamard product of one element and the 
inverse of another, and LU factorization.) Three of these 35 facts seem not to have 
been previously known, and key examples and references are given. 
We consider the following five familiar classes which generalize the 
notion of positivity to n-by-n matrices in different ways: the positive definite 
Hermitian matrices (PD); the M-matrices (M); the inverse M-matrices (M- ‘); 
the totally positive matrices (TP); and the inverse totally positive matrices 
(TP-‘). There are many parallel results among these classes, and unification 
results have been the goal of much research [ 111. However, there are 
significant differences among these classes, and facts about them are actually 
complementary in many ways. Our specific purpose here is simply to present 
for reference a table indicating whether or not each of the classes is closed 
under each of the algebraic operations: conventional matrix multiplication; 
addition; powers; extraction of roots; Hadamard (entry-wise) multiplica- 
tion; the Hadamard product of one element of the class and the inverse of 
another; and LU factorization. This table both illustrates significant comple- 
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TABLE 
CLOSURE PROPERTIES 
Conventional 
1natrix Matrix Conventional Arbitrary Hadamard LU 
product addition powers roots product AoB-’ factorization 
Positive 
Definite No” Yes Yes Yes* Yl?S” Yes’ NO” 
Hermitian 
No” NO” NO” Yes’ NO’ Yes [S] Yes [5] 
No” No” NO” Y.4 NO’ NO’” Yes [5] 
Yes’ NO Yes’ NO” NOk NO Yes [3] 
Yes’ NO Yes’ NO” NO NO” Yes [3] 
“The answer is no, simply because the product need not be Hermitian. However, the 
product does necessarily retain one aspect of positive definiteness, namely diagonaliz- 
ability and positive real eigenvalues. This has long been known and may be found in 
[7], for example. Thus, the product of two positive definite Hermitian matrices is 
positive definite Hermitian if and only if they commute. 
“The answer would be yes for n = 2, and for n = 3 the product has positive principal 
minors, but (in the case of M-matrices) can fail on the basis of sign pattern. 
‘This simply reflects the Cauchy-Binet formula for minors of a product. Note that 
TP-r coincides with TP except for a “checkerboard” sign pattern. 
‘The failme occurs at n = 2, [e.g. A = (; -;),B=( _:, +MandA+Be 
M and Am’+B-‘CM-‘], but A+BEM (M-l) if A,BEM (M-l) and B-IA 
has no negative real eigenvahres. 
“This is well known, and a description, including uniqueness, may be found in [7]. 
‘That an M-matrix has arbitrary M-matrix roots was recognized only recently by 
several authors ([2,6,9], and square roots in [l]). The inverse M-matrix case, which is 
equivalent, was first noted in [9]. 
gThe answer is yes for n = 2, and the two cells are equivalent. Failure for n = 3 is 
indicated by the example 
3 1 0 
A= 1 12 0 1 1,  3 
whose only square root with positive real eigenvalues is 
I * * l-2/6 B= * * * 1. 
Thus, B is not totally positive, because it has a negative entry. Such examples were 
recently found by the author and J. Garloff. 
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h This now classical fact is often attributed to Schur. A discussion may be found in [7]. 
i The failure is due only to loss of the necessary sign pattern. If the off-diagonal entries 
were negated, the Hadamard product would (trivially) be an M-matrix, as noted in 
141. 
‘This one is quite interesting. The answer is yes through at least n = 3, and, in 
general. counterexamnles seem difficult to find. The following example was recently 
found in conjunction -with T. Markham and M. Neumann: Let 
I 
6 --1.8 -1 -1 -1 - 1.0001’ 
-1 6 -2 -1 -1 -1 
A-‘= 1; 1; 6 -2 -1 -1 
-1 6 -2 -1 
-1 -1 -1 -1 6 -2 
-2 -1 -1 -1 -1 6 
6 -3 -3 0 0 - 0.0001 
-4 6 -1 0 0 0 1 
and 
-; -0” 0 6 0 8 -2 0 -6 0 . 
0 0 0 -3 8 -5 
0 0 0 -7 -; 8 
Then A and BE M-', but 
(AOB)-'= 
I* * * 
I 
I * 
; s .__I_*____---- 
I 
I 
I 
I 
I 
I 
kAgain, this ceil would be a yes for n = 2. An example for n = 3 is 
A=[;:; %:I ;.9], B=[%.9 1:: !:+TP. 
The Hadamard product 
[ 
1 0.81 0 
AoB= 0.81 1 0.81 B TP. 
0 0.81 1 1 
Such examples have been known to other interested researchers, such as T. Markham 
and T. Ando, for a few years. 
‘This follows from (8) because the positive definite Hermitians are closed under 
inversion. 
“The result would be an M-matrix and not an inverse M-matrix by the fact of the 
above cell. 
*This fails for the same reasons as in footnote k. 
OPositive definite Hermitian matrices do have LU, in fact LL*, factorizations, but L 
is, in general, lower triangular and not Hermitian. 
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mentary differences among these classes and may be of use to other re- 
searchers for reference. 
The Hadumurd product of two matrices A = (ai j) and B = ( bij) of the 
same size is defined and denoted by 
A 0 I3 = ( aijbij), 
i.e. simple componentwise multiplication. By “closure” in the case of extrac- 
tion of roots we mean that for each positive integer k and for each A in the 
given class, there exists a matrix B in the class such that Bk = A. Similarly 
by closure in the case of LU factorization we mean that for each A in the 
class, there exist a lower triangular matrix L and an upper triangular matrix 
U in the clans such that A = LU. The meaning of closure in the remaining 
cases should be clear. 
Our table and comments are presented on the second and third page of 
this article. In the case of several cells, the stated answer is easily verified by 
a straightforward proof or an obvious counterexample. Footnotes to further 
explanation following the table are indicated in parentheses, and square 
brackets in a cell indicate a literature reference corresponding to the stated 
fact. In the table a yes answer means the indicated closure is valid for n-by-n 
matrices with n any positive integer. Of course, in case n = 1, each cell 
would be a yes, and in several cells a yes answer would persist for larger n 
while failing in general. We attempt to indicate this, as well as other relevant 
information, in the footnotes. 
As pardels among the positive definite Hermitian matrices, the M- 
matrices, and the totally positive matrices have been emphasized in previous 
research, it is useful to note the complementary diffmences indicated in the 
table. For example, each of these classes is closed under a different product: 
AB for TP, A 0 B for PD, and A 0 B-i for M. 
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